Vector identities (Griffiths)
Ax(BxC)=B(A-C)—C(A-B)
V(fg) =fVg+gVf
V(A -B)=AXx(VxB)+Bx(VxA)
+(A-V)B+ (B V)A
V- (fA)=f(V-A)+A-Vf
V- (AxB)=B-(VxA)—A-(V xB)
V x (fA) = [(V X A) — A x (V)
Vx(AxB)=(B V)A- (A V)B
+A(V-B) - B(V-A)
Vx(VxA)=V(V-A) - VA
Vector identities (Jackson)
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)

V-Ad3x:/A-da (1)
1% S
/ vy diz = / da
4 S
/ V><Ad31=/ da x A
. \4 S
[ @90+ V6. Ty d’s = /Swvw da (2)
[ @V —vvPo)as = [ (Vi —uve)da @)
/(VXA)-da:/A»dl (4)
S C
/ da X Vi :/ P dl
S C
(1) divergence theorem; (2) Green’s first identity;
(3) Green’s theorem; (4) Stokes’s theorem
Spherical coordinates (Griffiths)
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Cylindrical coordinates (Griffiths)
dl =38ds + spdp + zdz
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Useful variation

i
5(ds/ae) = 42 /dO)ddwi/dB) o
ds/db

Primed frame moves with velocity vx relative to unprimed
frame.

ct’ ~ —By 0 0 ct

z’ _ | =By % 0 0 x

y | 0 0 1 0 Yy

2’ 0 0 0 1 z

Transformation of the field (HW3, problem 2.1)

’

E, =E, E,=~(Ey
Bl = B,

—BB:) E, =(E:+B8By)
By =v(By + BEz) B, =~(B: — BEy)
Basic objects of relativistic electrodynamics
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Al = (¢,A) A; = (¢, —A) Fyj =08;A; —9;A;
E—-Vé—90A/0t B=V x A
0 Ex Ey E.
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-E, —-By By 0
0o -E, -E, -E.
Fii— Ey 0 —B, By
E, B, 0 —Bg
E. -By By 0
Fop = —€apyBy (p. 80)  €¥123 = 41 egrag = -1

FWFy o« B2 — E2 FUFFe ;< E-B (p. 85)
Fiijlsijkl is a boundary term (4-divergence)

Four-current (p. 96)
) 1 )
e/uZAi ds = — /Aijl d*z
c.
ji(acj) = Z [ceA / ui‘64(acj - acix(-r)) ds]
A

Four-current for EM field (p. 101): j% = (cp, j)
Action for scalar field (5) and EM field (6)

S = 7'mc/ds+/¢(zi )ds (5)

e B
S=—mc/ds—7/uLAids— /FLJF dac(6)
c

167c
Equation of motion for charged particle: mc ddsi = %FU U
Jj = 0 gives: dE _ .| . v
j =1,2,3 gives: ‘;—? :E(E+ ¥ XB)
Useful variation . .
S(FYF;;) = FUsF; + Fi;6FY = 2FY9sF; =
2F76(9; A5 — 9jA;) = 2FY9;6A; — 2F79;6A; =

AF"9;5A; = 48;(F5A;) — 4(5A;)9; F'
Bianchi identity (p. 88): ¢“*!g,Fy; =0
Implications: V-B =0 and V X E = 7%%—]3

Equation of motion for EM field (p. 107): 8; F¥ = 4%]3
Implications: V- E = 47p and V X B = 7"-] + %8—];:
Gauge invariance: ¢ — o+ 1 = g’t‘,A' — A — Vx i.e
AY — AT 4 9y (x is a Lorentz scalar field)
Properties of Levi—Civita symbol (HW3)
CaByCurr = 5351
€aByeuvy = Sapdpy — Savdpy
Cafyeupy = 20apn
€apreuvrAapAgy Ay = 6det A
Useful relations for relativistic mechanics
pC2
v (7
Ev
P="3 (8)

Motion in uniform E-field: Integrate equations of motion
to obtain energy and momentum, then use (7) to get ve-
locity.
Motion in uniform B-field: Note that energy is constant.
Use (8) to write momentum in terms of velocity, then inte-
grate equations of motion to get velocity.
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Coulomb gauge: ¢ =0; V- A = 0; —V2A + C%% =0
Lorentz gauge: BiAi =0; BjaiAj = DAj =0
Fourier series
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Fourier transform
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Need f(k) = f*(—k) in order for f(x) to be real.

Solution of wave equation for EM field in Coulomb gauge
(p. 121)

a3k
A(x, t)*// B*(—k)e i(k- x+wt)+ﬁ(k) i(k-x—wt)

(2m)3
Monochgomatic plane wave
B(k) = 53 (k — p)(2m)> which yields
A(x,t) = 2B cos(p - x — wt) (p. 122)
k- (Ex B) >0 (p. 123)
w = cllk| (p. 124)
Poynting vector and EM energy density (p. 126)
c
S=—EXxXxB
4w
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Eem = — (E® + B?)
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8[1(E2+B2)] i-E—V-S
== =—-j-E—-V.
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d E? 4 B? .
fal ;d%v:—/j-Edszf/S»da
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Laplace Green function (GF1)
G(x) = mv V2G(x) = —63(x)
d’Alembert Green function (GF5)
G(a') = 2= 0a(at) = -5t (o)
Energy of plane wave (p. 128): S = kc€em
EM momentum density (p. 129): ’Isem = C%
Inhomogeneous wave equation in Lorenz gauge (p. 133):
DA — 4z ji
Rctardch four-potentials in Lorenz gauge (142.1)

3t = Ix = x|I/e)

) 1,
A'(x,t) = 7/ E L
c
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Four-current for point particle (p. 142)
3
P, 1) = e5% (x — %o ()
. . 3
J(x, 1) = exc ()67 (x — xc(t))
Liénard—Wiechert potentials (p. 146)

0 ec
AV (x,t) = —————
CTry — Vp - Tp
ev,
Ax,t) =

Cry — Vi Tp

where r,, = x—xc(ty); vy = Xc(tr); and ¢, is the retarded
time and satisfies ¢(t — t,) = ||x — xc(tr)]]-

E and B fields of point charge (p. 148)

u=ctp — vp

B = e gl —vhut e x (X (o)
B=#.xE

Approximate fields of localized charge configuration (oc' <
roa’ < A) (p. 158)
A% (r, t) &~

+: d(i0)+** d(to)
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T
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A(r,t) = ——d(tg)

cr

where t9) =t — r/c, and d is the dipole moment.

E and B fields for pure dipole (p. 163), Poynting vector

(p. 164), and total power radiated (p. 165)

1 .
E=—(d(tg) X£) X ¥
C27‘
B=txE
lld(to) I
S =fsin?0—
4medr2

2 . R
Ptot 322 lId o)l

Power of oscillating dipole, d = ga cos wt (p. 165)
2
(Prot) = 5 wt
Electromagnetic stress-energy tensor
,,]km,
= FkJFvariF”FU
47r
9, T*™ =0

Tkm

(172.1)

(p. 172)
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7%° = —(E® + B?) = €em
s

a0 _ goa _ S
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7P = - [EQE[, + BuBg
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1 2 2
— 56(,[3(E + B%) (p. 176)

Cap = —reh

o is Maxwell stress tensor. T is ¢ times momentum den-
sity. 70« i 1/c times energy flux density. 7%
tum flux.

Total electromagnetic force on volume (p. 178)

FB :/ n®*T*Pdq
S

= sdiz
fv+ c2 dt/

n is inward unit normal. fV is total force on charges and
currents,

is momen-

f‘[j:/ pE+£><Bd3z
v c

< Jv S d3z is total electromagnetic momentum.

Classical electron radius (p. 187): re¢ = Cy R 10713 cm
mec
2
Radiation reaction (p. 198): ma = F + geS a
c
Electromagnetic duality:
E—- B
B - —E
d — £
c
g — —cd

d is electric dipole moment, [ is magnetic dipole moment

Potential of uniformly moving charge (x = (vt, 0,0),
HW?2)
ve
¢ = 2 2 2 2
Vi@ —vt)2 +y? + =
=89 A, =0 A =0
Field of uniformly moving charge (HW3)
ye(xz — vt)
Eyp = By =0
TR -2 4y 4 22)3/2 ’
E, = ey B, = —BE
U (R (e - vt)? 4y 4 22)3/2 ! :
E JeE B, = BE
= (72 (z — vt)2 4+ y2 + 22)3/2 = v
i, B=fXE
Boundary conditions for E and B fields
Ef —E] =4no BT -B] =0
4w
F_E- =0 B = —&xna

E) I By I

o is surface charge density, R is surface current density



